Abstract. We develop an efficient technique for computing values at s = 1 of Hecke L-functions. We apply this technique to the computation of relative class numbers of non-abelian CM-fields N which are abelian extensions of some totally real subfield L. We note that the smaller the degree of L the more efficient our technique is. In particular, our technique is very efficient whenever instead of simply choosing L = N + (the maximal totally real subfield of N) we can choose L real quadratic. We finally give examples of computations of relative class numbers of several dihedral CM-fields of large degrees and of several quaternion octic CM-fields with large discriminants.
Introduction
In [Lou6] we developed a general technique for computing relative class numbers h − N of CM-fields N based on the use of (8) and Theorem 2 below with L = N + and χ = χ N/N + , in which case one can easily prove that W χ = 1 (use the functional equations satisfied by ζ N and ζ N + ). This technique has been used to compute relative class numbers of various non-abelian CM-fields of degree 4, 6, 8, 12 or 16 (see [Lou2] , [Lou3] , [Lou4] , [LO] and [LOO] ), and these computations were in turn used to settle the class number one problem for the non-abelian normal CM-fields of degree ≤ 16. However, this technique becomes too slow when the degree and discriminant of N become larger. Indeed, setting 
B(N)
we proved that if λ > 1 and n are fixed, then, according to (8) and (11), we should compute B(N) terms in the absolutely convergent series (10) (with χ = χ N/N + ) to compute h − N when N ranges over a familly of CM-fields of degree 2n. In particular, this technique is too slow to compute relative class numbers of dihedral CM-fields of degree 4p when the prime p is not that large, say equal to 5 or 7.
The main prospect of this paper is to explain how (8) and Theorem 2 below make it easy to compute the relative class numbers of such dihedral CM-fields N by computing the values at s = 1 of (p − 1)/2 Hecke L-functions over the real quadratic subfield L of N. According to Theorems 4 and 7, to get a real 372 S. LOUBOUTIN approximation of the integer h − N close enough to it to enable us to deduce its exact value, we have to compute much fewer than B(N) terms in each of the (p − 1)/2 absolutely convergent series (given in Theorem 4) whose limits are the values at s = 1 of these Hecke L-functions (see also our third example). Subsections 4.1, 4.2 and 4.3 will provide the reader with actual computations of Hecke L-functions over real quadratic fields. Note that according to Theorem 2, there is nothing peculiar to L being a real quadratic field. It is just that it is easier to compute in ray class fields of quadratic fields than to compute in ray class fields of number fields of higher degree. In fact, in using Theorem 2 below and [Lou6] to get a practical technique for computing values of K m,1 and K m,2 (i.e., to get a generalization of Theorems 6 and 17), it would be easy to generalize all our results to cases where L is not quadratic (in the last section of this paper we work out an example of calculation of a Hecke L-function over a real cubic field). Hence, it is worth noticing that our technique is much more general than the one developed in [Mey] , which assumes L quadratic. Our technique is also more efficient than the one developed in [Oka1] and [Oka2] based on the results in [Shi] . Indeed, a close look at [Oka1] shows that if the fundamental unit
of a real quadratic field L is large, which happens quite often (for example, if d L = 18361 then y has 49 digits in base 10), then Shintani's method becomes too slow to be of any practical use for numerical computations, for it requires a number of operations growing to infinity at least linearly in the size of y to compute values of Hecke L-functions over L at s = 1. Even in the case where y is small, Shintani's method is less efficient than the one developed here (see subsection 4.3).
To conclude, the technique here developed is more efficient but less simple than the one used in [Lou4] and [Lou6] . Indeed, if N is a normal CM-field, we only have to know how to compute the inertia and residual degrees in N of any prime p to be able to use the method developed in [Lou6] . Here, we need a precise description of the Hecke characters associated to the abelian extension N/L, and we must determine the values of all the W χ 's associated to these Hecke characters. However, the present method is much more efficient.
Numerical computation of L(1, χ)
Let C = ∞ 1 ∞ 2 · · · ∞ t C 0 be a cycle of a number field L, where C 0 , the finite part of C, is an integral ideal of L and where ∞ i , 1 ≤ i ≤ t, are t distinct real places of L. For simplicity of notation, N L/Q (C) and N L/Q (C 0 ) will both denote the absolute norm of the ideal C 0 . Let CL L (C) denote the group of C-ideal classes, which is also called the unit ray class group of L modulo C. If C divides C, then the canonical map CL L (C) −→ CL L (C ) is onto and any character χ on CL L (C ), i.e., any morphism of multiplicative groups χ : CL L (C ) −→ C * , induces a character χ on CL L (C). We say that a character χ on CL L (C) is primitive if it is not induced by any character χ on CL L (C ) for any C = C dividing C. In that situation, C is called the conductor of χ and we write C = F χ .
Let E/L be an abelian extension of number fields of conductor C = F E/L (a cycle of L). According to class field theory, E is a subfield of the unit ray class field R L (C) of L where from the Artin map we get an isomorphism Gal(
We let X E/L denote the group of primitive characters of conductors dividing C = F E/L which induce the group of (not necessarily primitive) characters on CL L (C) RELATIVE CLASS NUMBER COMPUTATIONS 373 which are trivial on Gal(R L (C)/N). We have the following factorization of the Dedekind zeta function of E:
Let N be a number field. We say that N is a CM-field if N is totally imaginary and if N is a quadratic extension of its maximal totally real subfield N + . In that situation, the degree 2n of N is even and the class number h N + of N + divides the class number h N of N, and the ratio h − N = h N /h N + is called the relative class number of N. Let Q N ∈ {1, 2}, w N , d N and d N + denote the Hasse unit index of N, the number of roots of unity in N and the absolute values of the discriminants of N and N + , respectively. We have (see [Wa] )
From now on, we assume that N is a CM-field of degree 2n and that N is an abelian extension of some of its totally real subfields L of degree m.
denote the conductor of this abelian extension N/L, and let
It is known that if χ is a primitive character of conductor C = ∞ 1 · · · ∞ m C χ which is ramified at all the m infinite places of L, then the Hecke L-function s → L(s, χ) satisfies the functional equation
for some Artin root number W χ with |W χ | = 1, where
Let χ N/N + denote the quadratic Hecke character of conductor F N/N + associated to the quadratic extension N/N + . We have
and we obtain
(this sum ranges over all the nonzero integral ideals of L of norm n, and we set χ(I) = 0 if I is not coprime with F χ ). According to (9), n → a n (χ) is multiplicative, i.e., gcd(m, n) = 1 implies a mn (χ) = a m (χ)a n (χ). Therefore, when doing actual computation we will only explain how we compute a p k (χ) on powers of primes. Using (5) and the Euler product of s → L(s, χ), the reader can easily prove 
both the series which appear in (10) are absolutely convergent.
and
Using the same line of reasoning as in [Lou4] and [Lou6] , we obtain
Noticing that
we get (10).
As for the proof of (11), we refer the reader to [Lou6,  
and ∞ 1 and ∞ 2 denote its ring of algebraic integers, the absolute value of its discriminant, its class number, its primitive modulo d L quadratic character and the two infinite places of L. Let F 0 be an integral ideal of L, set F = ∞ 1 ∞ 2 F 0 , and let χ be a primitive Hecke character on Cl L (F ), the ray class group modulo F . In particular, we assume that χ is ramified at both ∞ 1 and ∞ 2 . It is known that if we restrict χ to principal ideals (α) coprime with F 0 , then there exists a unique character χ 0 on (A L /F 0 ) * such that χ((α)) = ν(α)χ 0 (α), where for any α ∈ L \ {0} we let ν(α) denote the sign of N L/Q (α). This character χ 0 is called the modular character associated with χ.
Notice that if h L = 1 then χ = νχ 0 and, to compute χ on ideals, it remains to explain how one can effectively determine a generator α L of a principal primitive ideal
be the continued fractional expansion of x 0 , and set x n = [a n , a n+1 , · · · ]. It is well known that
, where the P n 's and Q n 's are recursively defined by
We define two sequences (p n ) n≥−1 and (q n ) n≥−1 by setting
Since L is principal, there exists m ≥ 0 such that Q m = 1 and
is an explicit generator of the principal ideal L (see [LO] ).
is an integral ideal coprime with F 0 , and set
where Tr L/Q stands for the trace from L to Q. Then
has absolute value one and does not depend on the choice of γ. In particular, if
and we get W χ = 1.
We now explain how to compute numerical approximations of L(1, χ) that are as good as desired for Hecke L-functions over real quadratic fields. (11)).
Theorem 4 (See Theorem 2 and
1. We have
−B , these series are absolutely convergent.
For any positive integer
we have
and there exists C 1 > 0 absolute and effective such that for any L, any χ and any M ≥ 0 we have
. (17) 3. Conversely, there exists C 2 > 0 absolute and effective such that for any L and any non-quadratic χ we have
Proof. We prove point 2. We have |a n (χ)| ≤ d 2 (n), where d 2 (n) is the number of factorizations of n as a product of two positive integers. We now follow the same line of reasoning as in [Lou4] , and set
Using (11), we get
where the last inequality holds for
As for (16) and (17), we use the previous bound on R M (χ) and note that
Finally, the proof of point 3 follows by the same method as in [Lou1] .
• Let N be a CM-field of degree 2n which is an abelian extension of degree n of some real quadratic subfield L. Recall that
and set
where the S χ (M ) are defined in Theorem 4. When doing actual computations, to find an upper bound on h (15)- (18) and the following technical lemma:
Lemma 5. Let (x k ) 1≤k≤n be n nonzero complex numbers, let ( k ) 1≤k≤n be n complex numbers, and set
We refer the reader to Theorem 7 for a more general use of this technical lemma. Now we explain how we can practically compute K 2,1 (B) and K 2,2 (B) for any B > 0: 
We have the following power series expansions:
and for any integer M ≥ 0 we have
Proof. For the sake of argument we only prove (20), and (21) for i = 2. Recall that
We set
and we notice that the poles of
are s = 1/2 (which is a simple pole) and s = −n for any n ≥ 0 (which are double poles). Pushing the line of integration (s) = α to the left to the line (s) = −M − 1 2 , we obtain
, which yields the desired bound
•
Examples of relative class number computations
4.1. First example: Some Hilbert 2-class fields. We let L be a real quadratic field with fundamental unit of norm +1 and such that the 2-Sylow subgroup of its narrow ideal class group is cyclic of order n = 2 m for some m ≥ 2 (and h odd will denote the odd part of the narrow class number of L). Therefore, L = Q( √ p 1 p 2 ) for some primes p 1 and p 2 not equal to 3 modulo 4 satisfying 2 ≤ p 1 < p 2 and (p 1 /p 2 ) = +1 (Legendre's symbol). We let N and N + denote the narrow Hilbert 2-class field and wide Hilbert 2-class field of L, respectively. Then N is a dihedral CM-field of degree 2n = 2 m+1 ≥ 8 with maximal totally real subfield N + . Moreover, the relative class number of a dihedral CM-field N of degree 2 m+1 ≥ 8 is odd if and only if N is some such narrow Hilbert 2-class field (see [LO] ). In that situation
is a perfect square. Now we explain how we computed a n (χ) on prime powers n = p k : If (p) = P is inert in L then P is principal in the narrow sense, χ(P) = 1 and
Therefore, we have a
, then the order of P in the narrow ideal class group of L is equal to 1 or 2, and χ(P) = 1 or −1, respectively, and
Note also that if P i has order 1 in the narrow ideal class group of L, then the other P j has order 2 in the narrow ideal class group of L (for their product, which is equal to the principal ideal ( √ d L ), is principal in the wide sense but not principal in the narrow sense). In Table 1 , we let p + denote the p i for which the prime ideal of L above p i is principal in the narrow sense.
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Finally, if (p) = PP splits in L, then χ(P ) = χ(P) −1 and
We fix a prime ideal Q of L whose narrow ideal class has order 2 m in the narrow ideal class group of L (in practice, we choose Q whith smallest norm). Let e p ∈ {0, 1, · · · , 2 m − 1} be the only integer in this set such that Q ep P h odd is principal in the narrow sense. Then, χ(P) = χ(Q)
−eph odd where h odd h odd ≡ 1 (mod 2 m ). We also let ψ be the character defined by ψ(Q) = exp(2πi/2 m ).
− 1 and i = 2j + 1 odd}. Using the technique developed in this paper to compute the values at s = 1 of these n/4 = 2n/8 Hecke L-functions, we computed Table 1 of relative class numbers (the tables are in §7). It agrees with the results of the computations we did in [Lou3] and [LO] . In [LO] we used a technique peculiar to these Hilbert class fields developed in [Zag] to efficiently compute such relative class numbers. Let us point out that the use of Zagier's method requires the determination of the structure of the ideal class group of L, whereas the method developed here does not require it, and, according to [LO, Table 2] and Table 1 of this paper, both techniques agree for the four Hilbert 2-class fields considered in [LO] , for which the ideal class group of L is not cyclic.
4.2.
Second example: Dihedral CM-fields of degree 4p. We now want to explain how we can use our previous results to efficiently compute relative class numbers of dihedral CM-fields N. This was our main motivation for writing this paper. Indeed, in [LOO] , to solve the class number one problem for the dihedral CM-fields N of degree 12 we reduced the computation of h − N to that of h − N0 , the relative class number of some non-normal sextic CM-subfield of N, and we used the technique for computing relative class numbers of CM-fields developed in [Lou6] . But this technique is too slow to compute relative class numbers of dihedral CMfields N of higher degrees. Moreover, we used cubic polynomials P K (X) defining the non-normal maximal real subfields K = N + 0 of such N 0 's to compute the coefficients a n (χ N0/N + 0 ). But it would be impossible to use such defining polynomials for fields of higher degrees, for their computation would be much too slow. To overcome both these problems we thought it more efficient to construct real dihedral CMfields N + of degree 2p by constructing characters of order p on ray class groups of real quadratic number fields L, for this would then enable us to compute relative class numbers by using the technique developed in this paper.
Throughout this section, N will denote a dihedral CM-field of degree 4p, p any odd prime; that is, N is a normal CM-field such the Galois group Gal(N/Q) is the (non-abelian) dihedral group of order 4p. Since the complex conjugation must be in the center of this Galois group (see [LOO] ), then the maximal totally real subfield N + of N is normal, Gal(N + /Q) is the dihedral group of order 2p and we let L denote the only quadratic subfield of N over which N is cyclic. Therefore, L is real. We finally let M denote the maximal abelian subfield of N. Therefore, M is an imaginary biquadratic bicyclic number field containing L. Conversely, let N + RELATIVE CLASS NUMBER COMPUTATIONS 381 be a real dihedral number field of degree 2p, where p ≥ 3 is an odd prime. Let L be the quadratic subfield of N + and let M be any imaginary biquadratic bicyclic field with maximal totally real subfield L. Then N = MN + is a dihedral CM-field of degree 4p which is cyclic over L. It is known that there exist positive integers [Mar] ). The following Theorem 7 and Proposition 9 explain how to compute relative class numbers of such dihedral CM-fields: . Hence all the a n (χ) are real and [LOO] ), and h
2 is a perfect square (see [LP] or the proof of Theorem 12) and
4. Let a real number λ > 1 and a prime p ≥ 3 be given. Set (15) and (18), we obtain
A (λ−1)(p−1)/2 , from which the desired result follows.
• Remark 8. When doing actual computation we use
(provided that all the (p − 1)/2 terms on the left hand side of these inequalites are positive), and we stop the computation when M is large enough and such that these inequalities squeeze only one rational integer.
Proposition 9.
1. Let L 0 and L 1 denote the two imaginary quadratic subfields of M. We have 
, and we have
2j+1 be any one of the (p − 1)/2 characters of order 2p which appear in Theorem 7, and let ψ = ψ + ψ − with ψ + ∈ X N + /L and ψ − = χ M/L denote its factorization. Then, for any rational prime l ≥ 2 we have:
In particular, a n (
In particular, if a n (ψ) = 0, then gcd(n, f N/L ) = 1 and χ L (n) = −1.
Proof. We only prove point 2. If [Mar, Prop. III.3 page 124]), ψ + (L) = +1, and we get the desired result. Finally, assume that l not dividing f N/L splits in L, and write (l) = LL . Using the same line of reasoning as in [Cox, , one can prove that any real dihedral field N + of degree 2p and conductor F N + /L = (f N + /L ) is a subfield of the ring class field of conductor f N + /L of the real quadratic field L (see [Lef] or [LPL] ). Hence, any ψ + in X N + /L must be trivial on the group generated by the principal ideals of the form (α), where α ∈ A L satisfies α ≡ a (mod (f N + /L )) for some rational integer a relatively prime to f N + /L . Therefore, we have ψ + ((l)) = +1, which yields ψ
and the desired result.
• It remains to explain how we can compute ψ + (L) and how we can construct real dihedral fields N + of degree 2p.
Numerical computation of the relative class numbers of some dihedral CMfields of degree 4p.
To test the efficiency of our approach, we choose to apply it in the following simple situation: the computation of relative class numbers of dihedral CM-fields N of degree 4p (p any odd prime) such that their real quadratic subfields L have class number one (which yields χ = νχ 0 ), such that the extensions M/L are unramified at all the finite places (which yields F N/L = ∞ 1 ∞ 2 F N + /L and χ 0 = χ +,0 for any χ ∈ X − N/L ) and such that the conductors F N + /L of the cyclic extensions N + /L of degree p are as simple as possible, i.e. are of the form F N + /L = (q), where q = p is a positive prime integer (see Point 1 of Proposition 10 below). We refer the reader to [LPL] for a comprehensive exposition of the construction and the computation of the relative class numbers of the dihedral CM-fields of degrees 4p (p any odd prime). We also refer the reader to [Lef] for the use of the technique developed here in the determination of all the dihedral CM-fields with class number one. We collect in the following proposition all the information we need to construct such simple dihedral CM-fields and to compute their associated modular characters:
Proposition 10 (See [Mar] , [Lef] and [LPL] ). Let p be a given odd prime. Let L be a given real quadratic field.
Let N
+ be a real dihedral field of degree 2p containing L. There exist distinct primes q i not equal to p and satisfying 
Assume that p does not divide
in which case such an N + is unique. Note that since the quotient group * such that for any α ∈ A L prime to (q) we have
where α denotes the conjugate of α in L. Since (Z/qZ) * is canonically isomorphic to (A L /Q) * , we may assume that φ q is defined on (Z/qZ) Throughout the remainder of this section we will choose φ 0 defined as follows: 1. Assume that (q) = QQ splits in L. We let g q denote the least positive generator of (Z/qZ) * and let φ q be the character of order p on (Z/qZ) * defined by
q , then we may assume that
It is easily checked that for any algebraic integer
and for any α ∈ (A L /(q)) * we can compute n α ∈ Z such that n α = (x − yP q )/(x + yP q ) in (Z/qZ) * , and according to the previous lemma we set φ 0 (α) = exp(2πj α i/p) where j α = min{j ≥ 0; n α ≡ g j q (mod q)}.
Assume that (q) = Q is inert in L.
We let g q denote a generator of (A L /(q)) * and according to the previous proposition we let φ 0 be defined by φ 0 (g q ) = exp(2πi/p), which yields φ 0 (α) = exp(2πj α i/p), where j α = min{j ≥ 0; α ≡ g j q (mod (q))}. Now, in Point 2 of Proposition 9 we may assume that we have chosen χ such that χ +,0 = φ 0 . Hence, if ψ = χ 2j+1 is an in Point 2 of Proposition 9, then ψ + = φ 2j+1 0 , and we can now practically compute the coefficients a l k (χ 2j+1 ) and Table 2 the reader will find some examples of our computation of relative class numbers of such dihedral CM-fields of degree 4p ≥ 12.
Remark 11. Take χ = χ + χ − ∈ X − N/L and notice that since M/L is assumed to be unramified at all the finite places, then χ 0 = χ +,0 is a primitive character of order p on (A L /(q)) * which is trivial on the image of Z in this group. In Proposition 3 we choose γ = (1/q √ d L ), which yields I = A L = (1) and
We used this formula to check numerically that all the Artin root numbers W χ are indeed equal to +1.
4.3. Third example: Quaternion octic CM-fields. Throughout this section we let N denote a normal octic CM-field whose Galois group is the quaternion group of order eight. In that situation, the maximal totally real subfield N + of N is a normal biquadratic bicyclic field, and we let L denote any one of the three real quadratic subfields of N + . Notice that N/L is cyclic quartic, and we let χ denote either of the two conjugate quartic characters associated to this cyclic quartic extension N/L. Theorem 12. Let N denote a quaternion octic CM-field. The character χ * of Gal(N/Q) induced by χ is the real valued character of degree two of the quaternion group. Therefore, since
, then all the a n (χ) are real, W χ is equal either to +1 or to −1, and
2 is a perfect square and
(use (8)). Let λ > 1 be given, and set B (N) = λA χ log A χ and [Fro] and [Lou5] 
Let χ ∈ X − N/L denote any of the two conjugate characters of order 4 on the ray class group of conductor F N/L of L associated to the cyclic quartic extension N/L. Then A χ = 16q/π. Proposition 14 (See [Fro] ). Let q ≡ 3 (mod 8) be a positive prime. Let P 2 = ( √ 2) denote the prime ramified ideal of L = Q( √ 2) lying above 2. We may write χ = νχ 0 , where χ 0 = χ 2 χ q is a primitive character of order 4 on the group (A L /F q ) * and where χ 2 and χ q are primitive quartic characters ont the groups (A/P 5 2 )
* and (A/(q)) * , respectively.
1.
We may assume that χ 0 = χ 2 χ q is defined by means of
We have a 2 m (χ) = a q m (χ) = 0, and if p = 2 and p = q then we have
Hence, all the a p m (χ) are real. 4. We have W χ = −1.
Proof. We note that the multiplicative group
of order 16 is isomorphic to (Z/2Z) × (Z/2Z) × (Z/4Z), and that the multiplicative group (A L /(q)) * of order q 2 − 1 ≡ 8 (mod 16) is cyclic. Now, as {1, 5} is the kernel of the canonical map (A L /P 
we get χ 2 (−1) = +1 and
The following table is used to compute χ 2 (α) for α = x + y √ 2 ∈ A L prime to √ 2:
2 ), we have χ q (α) = exp(2j α πi/4),
(mod (q))} ∈ {0, 1, 2, 3}.
Of course, we use the binary representation of (q 2 − 1)/4 to efficiently compute α (q 2 −1)/4 modulo the ideal (q) of L. To compute χ(P) we determine a generator α of P whih is known to be principal in L, and we compute χ(P) = χ((α)) = ν(α)χ 2 (α)χ q (α). Numerical computations yield Table 3 . We also computed several relative class numbers for q large:
If q = 2 · 10 6 + 3, then h 
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Remark 15. In Proposition 3 we choose γ = 1/(16q), which yields I = A L = (1) and
We used this formula to check numerically that all these Artin root numbers W χ are indeed equal to −1. Even checking this result yields a faster and more satisfactory method than the one used in [Lou2] . Note also that Shintani's method (see [Oka1] ) is less efficient than the method developed here, for it would require us to compute q 2 terms in some finite sum to compute the exact value of h − Nq . Indeed, set
let z denote the fractional part of the real number z, set
, and Shintani's method yields
5. Hecke L-functions over totally real cubic fields All the cases hitherto given refer to real quadratic fields L. Therefore, we would like to finally use Theorem 2 on a simple example of a totally real cubic field L. We choose L = Q + (ζ 7 ) = Q cos(2π/7) and set N = KL, where K denotes the imaginary cyclic quartic field Q(ζ 5 ). Therefore, N is an imaginary cyclic field of degree 12,
Using [Wa] , we can easily get h − N = 1. We now want to compute h − N by using our technique for computing Hecke L-functions over totally real cubic fields at s = 1. We let χ be either of the two conjugate quartic Hecke characters of conductor F N/L associated with the cyclic quartic extension N/L. We have A χ = 7 2 · 5 3 /π 3 and
Moreover, as 5 is inert in L/Q, then (A L /(5)) * is a cyclic group of order 124 and there are two characters of order 4 on this group, say χ 0 and χ Note that the restriction of χ 0 to the image of Z in (A L /(5)) * must be a quartic character. Therefore, we may assume that this restriction is defined by the following table, which enables us to compute χ 0 (p) for any prime p = 5:
Now, as L is a totally real cubic field, the proof of Theorem 6 yields:
Theorem 17. Let γ = 0.577 215 664 901 532 860 606 512 090 · · · denote Euler's constant and let B be positive. Set s 1 (0) = −γ, s 2 (0) = π 2 /6, and for n ≥ 1 set
and for i ∈ {1, 2}, set a n,i (B) = A n,i − B n,i log B + 4 log 2 B, where
and B n,i = 8 2n + 3 − i + 12s 1 (n).
Finally, we explain on this particular example a general strategy based on (12) which enables us to compute W χ efficiently. We use the results of Section 2: we set S = n≥1 a n (χ)H 3 (n/A) and note that
with h n = 9(s 1 (n)) 2 + 3s 2 (n) − 12s 1 (n) log B + 4 log 2 B, which enables us to compute numerical approximations of S as precisely as desired.
If we can deduce from them that S = 0, then on plugging x = 1 in (12) we get W χ = S/S, which enables us to use (10) for numerical computations. Note that if W χ = −1 then necessarily S = 0, so that this trick is useless for pure quaternion octic CM-fields. However, in our present situation, according to numerical computation, we do have S = 0, and we computed 
Final remarks
We refer the reader to [Lou7] for an efficient technique for computing relative class numbers of abelian CM-fields by using a technique similar to the one developed here for evaluating L-series associated with Dirichlet characters at s = 1.
The reader will find in [Lou7] an extensive use of the technique introduced in section 5 for computing Artin root numbers W χ . We also point out that the example dealt with in Section 5 is not satisfactory, and that it would be worth computing relative class numbers of CM-fields of degree greater than six which would be neither abelian nor abelian extension of real quadratic fields, but which would be abelian extensions of totally real cubic fields.
Added in February 1999: We can now refer the reader to [S. Louboutin, Computation of L(0, χ) and of related class numbers of CM -fields, Preprint Univ. Caen (1999) , submitted] for more satisfactory examples. The reader will find there examples of computation of relative class numbers of non-abelian normal CM-fields N of degree 24 and Galois group the special linear group over the finite field with three elements by using evaluations of L(1, χ) for Hecke L-functions associated with quartic characters χ on narrow ray class groups of non-normal totally real sextic fields L.
We refer the reader to [LP] for an application of the technique developed here to the computation of relative class numbers of dicyclic CM-fields of degree 4p. Let us point out that, in contrast with dihedral CM-fields of degree 4p, where Artin root numbers W χ are always equal to +1, Artin root numbers W χ of dicyclic CM-fields of degree 4p may depend on χ.
All our computations were programmed in Kida's language Ubasic, which allows fast arbitrary precision calculation on PC's. Tables   Table 1 . Some Hilbert 2-class fields 
7.
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Added after posting
In the statement after Theorem 17, the sentence that reads "Note that if W χ = −1 then necessarily ..." should read "Note that if S is real and W χ = −1 then necessarily ...".
